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Multiple Quantum Wells
» This technology is used extensively in semiconductor laser technology
e Multiple Quantum Wells are grown using MBE, CBE and MOCVD
* Typical materials used:
— GaAs/AlGaAs

— InGaAs/InP
— GaN/AlGaN
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Multiple Quantum Wells — General Structure (E<V,)

The general structure of a Multiple Quantum well with potential V, barrier width “b” and well width “a” is shown below:

V=V,
I I 1 \Y, \Y VI VIl
V=0 —— B
0 b atb at+2b  2(a+b) 2a+3b
Let us consider the case when an electron with energy less than V is incident on the structure:
V=V, V=V, V=V,
— > > > > —
I I 1 1V \Y VI VIl
V=0 — B
0 b atb at+2b  2(at+b) 2a+3b

We already have the necessary tools to solve this problem. We take the same approach as we did for the potential
well and potential barrier problem, i.e., we solve for the wave function in each region and then we apply the
boundary conditions between the regions and finally, solve for the reflection and transmission probabilities.
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Multiple Quantum Wells — Assumptions (for both cases)
Two important Assumptions are made for this problem:

— Electron effective mass is assumed to be the same in all regions

This allows us to use the simple boundary conditions we have been using for
solving our barrier and well problems

— No field is applied to the structure

Therefore, the device is translationally symmetric, 1.e., the electron energy
doesn’t change according to position.
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Multiple Quantum Wells — Wave Functions Review (E<V)

Now, we can begin solving the problem. For all the regions, the wave
function can be found by solving the Schrodinger Equation. For

0 0 0
> | > »>] >
+“ || e

_’

region I: -«
0 0
_ h2 dZLIjl b ath at2b 2(atb) , .
m dx’ + 5, = EY,
= ¥, ="+ Re ™ whee, ;. _ |2mE
l l SRS
Incident Reflected R=r eﬂ ection co — eﬁiCZent

wave wave
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Multiple Quantum Wells — Wave Functions Review (E<V )

For region II, we have a potential of V;:

VO VO VO
—h* d*¥Y / - > | > >
> d22+V0‘P2=E‘P2 ; « |«
m X
o 2m(V,—E U atb at2b 2(atb) 2a+3b
=Y, = C;ek” +C,e ¥ where, k= m(h—"z)
+x direction -x direction
wave wave
Or, in terms of hyperbolic functions, \Pz — C2+ cosh k2 x 4+ Cz— sinh k2 X
For region III,
g —n? d*¥ ’ Yo/ \Yo v
3 %T3 = E\I—’3 —»> e EIES
2m  dx’ « +

Y, =Cle™ +C e ™ 2mE

where, k, =

at2b 2(atb) 2at+3b

o, ¥, =C;coskx+Cjsinkx
+x dir&ction -X dirgction
wave wave
Similarly, we can solve for the wave functions for the other regions with each region with a potential

having similar solutions as ¥, and the regions without a potential having solutions similar to ‘¥,
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Multiple Quantum Wells — Wave Functions Review (E<V )

A A
For Region IV:
W = Creht 4 O e kor = [2m0,-E) vl eldolael”
4 - 4 e + 4 e ’ 2 hZ
- 0 \
¥, =C, coshk,x+C, sinhk,x  « o 20ty 2
VO VO/\VO
For Region V: + ikx —zklx SmE S N N
Y.=C,e™" +C;e b= sd PPl pilis

Y, =C; coskx+C; sinkx T At 2w

For Region VI: v+ kX — —kyx 2m(V, - E) v, V, 5
LPG—C66 +C6e ’ k2: hz
- [ ] »> - |\>»
“« ||« <«

Y =C coshk,x+C sinhk x 0
6 6 2 6 2 ‘Wﬁ%aﬂb

Vo Vo

0
—»> | & —>/| »
<+ |

.k

—»>
<«

i . ik, x 2 mE P
For Region VII: LIJ7 = Te™ , k= ’hnz -«
0

+b_a+2b 2(atb) RQat3

Note: For region VII, only a +x component exists as the wave extends
out to infinity and there is no barrier to reflect the wave back
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Multiple Quantum Wells — Boundary Conditions (I-1I interface) (E<V))

Now, we can apply the boundary conditions between each region. For regions I and I1, we can use two boundary

conditions:
/\VO VO
> > | > > | >
“« |-

b atb at+2b 2(atb) 2a+3b

«  Boundary Condition I (Continuity of the wave function):
Y (x=0)="Y,(x=0) -
( "1 Re ’kl") = (C2+ cosh k,x + C; sinh kzx)
1+R=C;  (Eq.1)

x=0 x=0

*  Boundary Condition 2 (Probability Current Density).

jlx x=0 — j2x x=0
h k, k i
Jio=—— (W V-, V)= | Bt B R et
2mi m m
h k : k, ..
Jop = (‘P V¥, -, V¥, ) —=C, sinh k,x+—=C, coshk,x
2mi m m
ik g Tk s (ko k, .-
v (; ¢ m Re o C; sinhkyx -+ " C; coshieyx NOTE: For every interface,
x=0 x=0 .y
) ) the boundary conditions are
ﬁ — ﬁ R = & C- (Eq.2) similar. The only parameter
m m m that changes is the x value at
the interface.
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Multiple Quantum Wells — Boundary Conditions (I-1I interface) (E<V))

But, equation 1 and 2 can also be expressed in matrix form

1+R=C; (Eq.1)
b hp ke (g
m m m

1 1 ] 1 0 ][+
ik, —ik || =] k||

R| |0 —llc;
m m | m

1
Solving for },

'R
1 1 TT1 o]~
{l}zlikl —ikll {0 kzﬂcz}
— - MATRIX IDENTITIES USED HERE:
R m m m \ 1.if AB= CthenB A'c
__ikl _1_ O 2 A= then Al:adlbc{—dc ab}
i [zm m k,
R Zlkl _Zkl 1
— m
L m _
(CONTD......)
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Multiple Quantum Wells — Boundary Conditions (I-1I interface) (E<V))

Li_(zm] m _lllgc;
R| \2ik )=tk 10 —llC

(CONTD.)

1 m _
H_ 2 2k | G
R| |1 =m0 "l

2 ik -

[a] [b]
1
R :[YI—II] Ci_

where, Y, 1s a 2x2 matrix that is obtained by multiplying [a] and [b]. Y, is called the transfer matrix for the
region I-II interface (A transfer matrix describes the boundary conditions at each interface).

(Eq.3)

Note: The subscripts of Yy, 4 stands for the regions #1-#2 interface it represents
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Multiple Quantum Wells — Boundary Conditions (II-III interface) (E<V)

We can follow the same procedure we did for the regions I-II interface for obtaining the transfer
matrix for the region II-III. Again, we start by using the boundary conditions @ x = b for

regions II and III:
BCl1:¥Y,(x=0)="Y,(x =b)
., C; cosh k,b+ C, sinh k,b = C; cos kb + C; sin kb

BC2 :ij x=b = j3x x=b
Jay = %(‘P; 6‘1’2 -, ﬁ‘I’g)z ];—20; sinh k,x + %C; cosh k,x
Jon = 2%1 (W) V¥, - ¥, VW, )= - % C; sin kx + %C; cos k,x

.'.,k—2C2+ sinh k,b + k—zCZ_ cosh k,b = —£C3+ sin k,b + ﬁC; cos k,b
m m m m

Again, we can represent these two equations in in the matrix form:
cosh k,b sinh k,b [ c* } cos kb sin k,b { c* }
2 | _ 3

ﬁsinh kb ﬁcosh kbl | |-—Lsinkbh —Lcoskb || C:
m m 2 m m .
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atb at2b 2(atb) 2a+3b
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Multiple Quantum Wells — Boundary Conditions (II-III interface) (E<V)

(CONTD.)
cosh k,b sinh k,b C* cos kb sin kb C*
k, . k, = k. k, }
—=sinh k,b  —=cosh k,b || C; ——sinkb —coskb|| C;
m m m m

C +
Solving for| ?* |,

2

{C;}_ﬁ %coshkzb —sinh k,b lc;osklb sink,b {Cg}
- _E g L% _
Gl bl Egimnip  coshhyb || SR coskbC

m

S

_C+ Ct
_Cj = [YHJI] ]|:Cz:|

Substituting the abovein Eq.3, we have

BRI -

2 ¢

Note: Now, it should be obvious to see why we use the Y, ,, notation - we avoid rewriting the rather nasty
matrix multiplication with this notation.

1/3/2006 ECE-6451 12



Multiple Quantum Wells — Boundary Conditions (III-IV interface) (E<V))

We continue finding the transfer matrices. Using the boundary conditions @ x = a + b for regions III and I'V:

BCl:Y¥Y,(x=a+b)=¥Y,(x=a+b) Vo Vo Vo
-, Ct cosk (a+b)+C; sink,(a+b) = C; coshk,(a+b)+C; sinhkz(a+N - d<l”
2

O\l\% a+2b 2a+3b

BC2 . j3x x=a+b — j4x x=a+b <
h * = — % _k . k _
Jon =—— (‘1’3 VY, -, V¥, )= —LC sinkx+—LC; coskx
2mi m m
hi - — :
Joo=— (‘P4 VY, -Y¥, VY, ) _h C, sinhk,x + k C, coshk,x
2mi m m

.'.,_—le§ sinkl(a+b)+£C3_ cosk,(a+b) =&Cj sinhk, (a +b)+£C; coshk,(a+b)
m m m m

Again, these equations can be represented in matrix form,

cosk,(a+D) sink,(a+b) {Cq coshk,(a+b) sinh k, (a +b) {Cq
30— 4

Lsink,(a+Db) ﬁcos k(a+b)|| c: | |—%sinhk,(a+b) ﬁcosh k,(a+b) | C-
m m 3 m m 4
(CONTD......... )
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Multiple Quantum Wells — Boundary Conditions (III-IV interface) (E<V))

(CONTD.)

_klsinkl(a+b) 5coskl(a+b) ~ | Zsinh k,(a+b) k—zcoshkz(mb) o
m m m m

[ cosk,(a+b) sink,(a+D) ]{Cq [ coshk,(a+b) sinh k,(a +b) ]{Cq
c |

+

C
solving for| |,

3

Cc* A cosk,(a+b) —sink (a+b)|| coshk,(a+Db) sinh k,(a +b) c*
3 _Mim 4
{Q } { }

=— k, . k, i
k, ﬁsin k(a+b) cosk (a+b) Zsmh k,(a+b) ZCOSh k,(a+b) C,
m

{Cj aer! {C}

Substituting this in Eq.4

IR 0 BB 0 7 % Ll e

R C; C;

This calculation continues iteratively until the carrier crosses through all the interfaces.
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Multiple Quantum Wells — Boundary Conditions (IV-V interface) (E<V,)

Using the boundary conditions @ x = a + 2b for regions IV and V we have:

0
- | >
<«

BCl1:¥Y,(x=a+2b)=Y,(x=a+2D) <
-, C, coshk,(a+2b)+C, sinhk,(a+2b) = C; cosk,(a+2b)+C; sink,(a+2b)

b_atb a{2p 2(atb) 2a+3b

BC2 j4x x=a+2b :ij x=a+2b
7] k ) k
Jur =—— (W, V¥, -, VW, ) =22 C; sinhk,x + 2 C; coshk,x
2mi m m
h )
Jsi = (‘P VY, -, V¥ ) K —C5 smk5x+£C5‘ cosk,x
2mi m m

'.,& C, sinhk,(a+2b) +& C, coshk,(a+2b) = ke . sink,(a+2b) + C cosk,(a+2b)
m m m
Again, these equations can be represented in matrix form,

coshk,(a+2b) sinh k,(a +2b) c* cosk,(a+2b) sink, (a+2b) c*
4 | _ 5
ﬁsinhkz(a+2b) ﬁcoshkz(a+2b) { }_ —ﬁsinkl(a+2b) ﬁcoskl(a+2b) [ }
m m m m

(CONTD........ )
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Multiple Quantum Wells — Boundary Conditions (IV-V interface) (E<V,)

(CONTD.)

cosh k,(a +2b) sinh &, (a + 2D) c* cos k,(a+2b) sin k,(a +2b) C*

4 | _ 5
K2 sinh k, (a+26) %2 cosh i, (a+ 2b) {cj |- gink (a4 26) Frcosk (a+20) ij
m m m m

4

C+
Solving for| * |,

¥ ﬁcosh k,(a+2b) —sinhk,(a+2b) cosk,(a+2b) sink,(a + 2b) +
C, m 2 2 C,
c;

_Mm k k

1 1 _
k2| _ K Ginh ke, (a+26)  coshk, (a+2b) ||~ S(@+2D) — cosk(a+2b) | C
m

e e

Substituting the above in Eq.5,

S 0 Ol 00 0 O 0 R
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Multiple Quantum Wells — Boundary Conditions (V-VI interface) (E<V,)

Using the boundary conditions @ x = 2(a + b) for regions V and VI:

=

Vo

VO
—»>
<«

i

BCl: ¥, (x=2(a+b))=Y,(x=2(a+b))
-, C; cosk,(2a+2b) + C; sink,(2a+2b) = C; coshk,(2a +2b) + C, sinhk, (2a +2b) 0

+b a+2b D(h+b) 2a+3b

BC2: js, x=2(a+b) = Jox x=2(a+b)
* st _k . k
Js _ N .(‘PS VY, -, V'Y, ):—1 C; sink,x+—C; cosk,x
2mi m m
= =k . k
Jox LR ,(‘1'6 V¥, — ¥ V‘P6)=—2C6+ sinhk,x+—2C, coshk,x
2mi m m

- : k k : k
,i C: sink,(2a+2b)+—C; cosk,(2a+2b) =—2C; sinhk,(2a+2b)+—=C; coshk,(2a+2b)
m m m m
Again, these equations can be expressed in matrix form,

cosk,(2a+2b) sink,(2a +2b) + coshk,(2a +2b) sinh k,(2a +2b) +
1 1 C; 2 2 C,
Co

Lsink,(2a +2b) L1 cosk,(2a+2b) || C; B Esinh k,(2a+2b) ﬁcosh k,(2a+2b)
m m m m
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Multiple Quantum Wells — Boundary Conditions (V-VI interface) (E<V,)

(CONTD.)

cosk,(2a+2b) sin k,(2a + 2D) c*
— 5
ud sin k,(2a +2b) L) cosk,(2a +2b) {Cj
m m

coshk,(2a+2b) sinh k,(2a +2b) c*

6
5 sinh k, (2a + 2b) 5 coshk,(2a+2b) [CJ
m m

C+
Solving for| ° |,

5

{Cq ﬁcos k,(2a+2b) —sink,(2a+2b) [ coshk,(2a+2b) sinh k,(2a +2b) ]{C?
5 m 6

m
N ky . k, -
C; | kK ﬁsin k(2a+2b)  cosk (2a+2b) Zsmh k,(2a+2b) ZCOSh k,(2a+2D) || C;

m

Wi

Substituting the abovein Eq.6,

P 0 0 8 00 0 0 e e &)

R Cs Cs
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Multiple Quantum Wells — Boundary Conditions (VI-VII interface)

(E<Vy)

Lastly, using the boundary conditions @ x = 2a + 3b for regions VI and VII:

BCl: ¥ (x=2a+3b)=Y,(x=2a+3b)
=, C! cosh k,(2a +3b) + C; sinh k,(2a +3b) = Te™"

BC2: j.

x=(2a+3b) = j7x

x=(2a+3b)
Jox = L(‘ﬂ VY, - P, Wg*): &CQ sinh k,x + £C6 cosh k,x
2mi m m
Jrx = zimz(q@ VY, -, W@*): ik Te™"

S ﬁcg sinh k,(2a +3D) + k—2C6_ cosh k,(2a +3b) = ik, Te""
m m

Again, these equations can be represented in matrix form,

cosh k,(2a +3b) sinh k,(2a + 3b) {C*} [ Tl
6 | _

b sinh &, (2a + 3b) L) cosh k,(2a+3b) || C, ik, Te™"
m m
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Multiple Quantum Wells — Boundary Conditions (VI-VII interface)

(E<V,)
(CONTD.)

kcoshk2(2a+3b) ksinhk2(2a+3b) c:] [ re* ofr
isinhk2(2a+3b) icoshk2(2a+3b) o - ik Te" 0]/ 0
C+
Solving for| ° |,
g J { CJ
2 hk,(2a+3b inhk, (2a +3b -
{Cﬂ m | —-cos ,(2a+3b) —sinhk,(2a+ )|:e;klb OMT}

= — m )
C.| k| _k ik,e™ 0] 0

——sinhk,(2a+3b) coshk,(2a+3D)
m

Cg}[y’w{lx]T

C; 0

Subsituting the above in Eq.7,

R0 0 T S e

R C. 0

We have finally got a useful relationship between the reflection co-efficient and transmission
co-efficient. However, multiplying the transfer matrices is very complex as will be seen from the

next slide.
1/3/2006 ECE-6451
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Multiple Quantum Wells — Final Matrix (E<V,)

The complexity in multiplying these transfer matrices can be seen from the final matrix below:

070 0 708 0 O

2ik,
m .
m cosh kb — k—smh k,b cos k,b sin k,b
X — " 2 _ kl in k.b kl kb Y
2| —sinh k,b k—cosh k,b ;sm I ;COS | TI-TIT
2

m .
cos ky(a+b) ———sink (a+b)|[ cosh k,(a+b) sinh k, (a + b)
m kl Y
“ m Ky sinh k,(a+b) 2 cosh k,(a +b) -1y
sin k,(a + b) k—cos k(a+b) || m 2 m 2

1

m I;—Qcosh k,(a+2b) —sinh k,(a +2D) cos k,(a + 2b) sin k, (a + 2b)
X — k, . k,
K| K2 Ginh k(a4 2b)  cosh k,(a +2b) ||y S Fi(@+2b) ~hcos ki(a+2b) Yivy
m
m ];—'cos k,(2a +2b) —sin k,(2a + 2b) kcosh k,(2a +2b) ksinh k,(2a + 2b)
X LW X2
k| kg k.(2a+2b)  cosk,(2a+2b) || 5 sinh K2(2a+2) —cosh k, (2a +2b) Yy
m
m I;—Qcosh k,(2a+3b) —sinh k,(2a+3D) { o 0}{7}
7 kb Y
ko | - 52 o ky(2a+3b) cosh k,(2a +3b) |LKie™" O0]L0 VI-VII
m
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Multiple Quantum Wells — Reflection and Transmission Probabilities
(E<Vy)

(CONTD.)

1

R = [Y]—]I ][YH—]H ][Ym—n/ ][YIV—V ][YV—VI ][YVI—VH ] g (£q.8)

Equation 8 can now be used to calculate the transmission and reflection co-efficients. We would need a powerful
math tool in order to multiply the complicated transfer matrices. After this multiplication is performed, we would

obtain a 2x2 matrix as shown below:
1| |4 B~ (Eq.9)
R |c pllo 7

The Transmission Co-efficient, “T”, can then be found by using:

I:AT:>T:i
A

The Reflection Co-efficient, “R”, would then be given by:

R:CT:g
A

Therefore, the Transmission Probability and Reflection Probability is given by:

(] mer o mefg)S
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Multiple Quantum Wells — General Structure (E>V))

Now, let us consider the case when an electron with energy E greater than V ; is incident on the structure:

¢ > > > > > >
V=V,
| Il 1 \Y Vv VI VI
V=0 I
0 b atb at+2b  2(at+b) 2a+3b

Again, we take the same approach as we did earlier: we solve for the wave function in each region and then we
apply the boundary conditions between the regions and finally, solve for the reflection and transmission
probabilities.
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Multiple Quantum Wells — Wave Functions Review (E>V )

For region I, the wavefunction is the same as the E<V case as there is

no poten‘ual involved here: > > > >

>\ > >
+“— | 4+ “ ¢« <+ «

Vo

2
2m dx 0 b atb a+2b 2(atb) 2a+3b

— \Pl zklx +t Re ik, x where., P 2mE
1

ﬂﬂ e

R = reflection co — efficient

Incident Reflected
wave wave
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Multiple Quantum Wells — Wave Functions Review (E>V )

For region II, we have a potential of V;:

2 2 > />\> > > > >
—-h-d ‘"Pz <+ - \ ¢ ¢ <+ <«
2 +V,¥, = EY, v
2m  dx
. . 2m(E -V,
= W, = Cje™ + C e ™" where, k= =) 0
ﬂ h U atb at2b 2(atb) 2a+3b
+x direction -X direction
wave wave

Or, 1n terms of cosine and sine functions, \Pz — C; COS k2 X + Cz_ sin k2 X

For region III, 0 > >/ N> > > >
—h* d’¥Y “« <+ ¢\ « «
om d 23 j7/0"\113 = EY,; Vo
m X
Y, = C;eiklx + C;e_iklx where, k, = 2m2E b afb at2b 2(atb) 2a+3b
Or, )

¥, =C; ci)s kx+C; l?in k, x
+x direction  -x direction
wave wave
Similarly, we can solve for the wave functions for the other regions with each region with a potential
having similar solutions as ¥, and the regions without a potential having solutions similar to ‘¥,
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Multiple Quantum Wells — Wave Functions Review (E>V )

> > -\ > >

For Region IV: * + \¢ < _>V0
_ + ik,x - —ikyx k. = 2m(E -V,)
Y,=C,e" +C,e ™", k"4
- . 0 \
¥, =C, cosk,x+C, sink,x - o b 20ty 2

For Region V:

ke —- —ik 2mE \4
VY, =C/e"" +Ce ™, b=\ °

¥, =C; coskx+C; sinkx 0 b amh e Alait) 203y

For Region VI: © ikax — ikox (E—V > > > > >/
LI”6:(j6€2 +C6e 2, kz:w/m(h—z()) “« « <+« « -«

Vo

Y, =C, cosk,x+C, sink,x :
‘w%a+3b

For Region VII: Y =Te ik x b = |2 mE
7 - b [N h 2
Wa+3

Note: For region VII, only a +x component exists as the wave extends
out to infinity and there is no barrier to reflect the wave back
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Multiple Quantum Wells — Boundary Conditions (I-1I interface) (E>V))

Now, we can apply the boundary conditions between each region. For regions I and I1, we can use two boundary
conditions:

*  Boundary Condition 1 (Continuity of the wave function):
¥, (x=0) = ¥, (x = 0)
(e”” + Re‘ikl’“) = (C2+ cosk,x+C; sin kzx) »
1+R=C; (Eq.10)

b atb at+2b 2(atb) 2a+3b

*  Boundary Condition 2 (Probability Current Density):

x=0 = -]2x

]lx

x=0
* — * k : k .
Jix = i(‘Pl V¥, %, V¥, )= (1—1€lk1x —l—lRe’klxj
2mi m m
" S =\ k : k
Jox = L(‘I'z V¥, -%, V¥, )= (——ZCJ sink,x+-—=C, coskzx)
2mi m m
k, k : k : k
A (Z—l v — LR ek j = (— —2C; sink,x +—=C; cos kzxj
m m 0 m m o
ik, ik k, .
————LR=2C, (Eq.l])
m m m
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Multiple Quantum Wells — Boundary Conditions (I-1I interface) (E>V))

But, equation 10 and 11 can also be expressed in matrix form

1+R=C; (Eq. 10)
% ’ll;l}e_kzc2 (Eq.11)
]
1 1 ] 1 0|+
ik, —ik || =] k||
R| |0 —llc;
m m | m
Solving fc !
olving for ,
& R
-1
11t I o]rer
{R}:[lkl —lk1] {0 kZ]{ 8
m m m

;

1/3/2006

—m

H

2ik

)|

—ik, i [ 0
g ky
— ik, | -
L m
ECE-6451

MATRIX IDENTITIES USED HERE:

1.if AB= CthenB A'C
1 d -b
ad-bc|—c a

2.if A= then A" =

(CONTD......)
28



Multiple Quantum Wells — Boundary Conditions (I-1I interface) (E>V))

(CONTD.)
S
-1 :
R| \2ik )=tk 10 —llC
1om
{1}: 2 2ik, | ! ,?2{@}
R| |1 =m0 —llc
2 ik, -
| |
[a] [b]

erfS]

where, Y, 1s the transfer matrix for the region I-1I interface

1/3/2006 ECE-6451
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Multiple Quantum Wells — Boundary Conditions (II-III interface) (E>V )

We can follow the same procedure we did for the regions I-II interface for obtaining the transfer
matrix for the region II-III. Again, we start by using the boundary conditions @ x = b for
regions II and III:

BC1:¥Y,(x=b)=Y,(x=b)
- Cycosk,b+C, sink,b=C; coskb+C, sinkb

> >N\ > > >
+— < | « <+ <«

atb at2b 2(atb) 2a+3b

BC2:j2x x=b :j3x x=b
h - SO k : k
Jas =2—ml_(‘P2 V¥, -, V‘Pz)z —;2C2+ smk2x+jC; cos k,x
h * — * k . k —
Ja = 2—ml(‘P3 V¥, -¥, V¥, ): _EIC; sin k1x+;1C3 cos k,x
ky .

: k k : k, ,_
S~ -G,y sin k2b+;2C2_ cos k,b = —;1 J sin k1b+;1C3 cos k,b

Again, we can represent these two equations in in the matrix form:

cosk,b sink,b {C;} cosk,b sink,b {C;}

—k—zsinkzb 2 cosk,b || C- - ——Lsinkb —‘tcoskb|| C:
m m 2 m m ’
(CONTD......)

1/3/2006 ECE-6451 30



Multiple Quantum Wells — Boundary Conditions (II-III interface) (E>V )

(CONTD.)
cos k,b sin k,b C: cos kb sin kb C:
k, . k, 2| = k, . k, }
— —=sin k,b —=cos k,b || C; — —sin k,b  —cos kb || C;
m m m m

C +
Solvin or 2,

2

{Cﬂ . Ks coskyp —sink,b [ coskb  sinkb {c;}

=—|m k
_ M 1 -
C, | K|k sink,h  cosk,b " sink,b " coskb || C;
m

P
pE e b

Substituting the abovein Eq.12, we have

] G ] (5 13

Note: Now, it should be obvious to see why we use the Y, ,, notation - we avoid rewriting the rather nasty
matrix multiplication with this notation.
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Multiple Quantum Wells — Boundary Conditions (III-IV interface) (E>V)

We continue finding the transfer matrices. Using the boundary conditions @ x = a + b for regions III and I'V:

BCl1:Y,(x=a+b)=Y,(x=a+b) > > > \> > > >

<+ <+ <+ | <« <« v,
-, C5 cosk,(a+b)+C; sink,(a+b)=C, cosk,(a+b)+C, sink,(a+ b)v\
O\l\% at2b 2(atb) 2a+3b

BC2: j,,

x=a+b = .] 4x

x=a+b <
h P — * k . k
Jas :%(\ﬂ VY, -, V¥, ):—;1 ;s1nk1x+;1C3_ cosk,x
h x = — £ k . k
Jas :—.(‘IJ4 VY, -, V\I’4):——2Cj sink,x+—=C, cosk,x
2mi m m

.'.,—ﬁC; sinkl(a+b)+£C; cosk,(a+b)= —k—ij sink2(a+b)+k—2C; cosk,(a+b)
m m m m

Again, these equations can be represented in matrix form,

cosk,(a+b) sink,(a +b) {Cq cosk,(a+b) sink,(a + D) {C?
30| 4

—ﬁsinkl(a+b) ﬁcoskl(a+b) C; | ——2sink,(a+b) k—zcoskz(a+b) C,
m m m m

(CONTD......... )
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Multiple Quantum Wells — Boundary Conditions (III-IV interface) (E>V)

(CONTD.)

cosk,(a+b) sink,(a+b) {Cq cosk,(a+b) sink,(a+Db) {Cq
3| 4

—ﬁsinkl(aan) ﬁcoskl(aer) - | —k—zsinkz(aer) k—zcoskz(a+b)
m m m m

C+
Solving for| * |,
« {C}
ud k b in k b k b ink b
o m ;cos (a+b) —smk (a+D) cosk,(a+b) sink,(a+b) C:
kl

i ky . ky
G ﬁsink1(01+b) cosk, (a+b) _ZSIHkZ(a+b) ZCOSkz(aer)

}ﬂ/

Substituting the abovein Eq.13,

BER % H LA i [Ci } )

1
R C; C,

This calculation continues iteratively until the carrier crosses through all the interfaces.
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Multiple Quantum Wells — Boundary Conditions (IV-V interface) (E>V,)

Using the boundary conditions @ x = a + 2b for regions IV and V we have:

> >
“— <+ <« <« < v,
BCl:¥Y,(x=a+2b)=Y,(x=a+2b)
-, C, cosk,(a+2b)+C, sink,(a+2b) = C; cosk,(a+2b)+Cy sink,(a+2b) -
at2b 2(atb) 2at+3b
BCZ : j4x x=a+2b :ij x=a+2b
k k,

Jur = f (\P VY, TW)z —2C; sink,x+—=C, cosk,x

2mi m m

k . k

Jsp = f (\P VY, - ¥, VY, ):——1C5+ sink,x+—C; cosk,x

2mi m m

k, .. . k, . k, k,
co——=C, sink, (a+2b)+—=C, cosk,(a+2b)=——C5 sinks(a+2b)+— C cosk,(a+2b)
m m m
Again, these equations can be represented in matrix form,
cosk,(a+2D) sink,(a+2b) c* cosk,(a+2b) sink,(a+2b) C*
k k Y=l k k >
——2sinhk,(a+2b) —2cosk,(a+2b) { } ——Lsink,(a+2b) —‘cosk,(a+2b) { }
m m m m
(CONTD........ )
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Multiple Quantum Wells — Boundary Conditions (IV-V interface) (E>V,)

(CONTD.)

cosk,(a+2D) sink,(a+2b) c* cosk,(a+2b) sink, (a +2b) Cc*
k k Y= k. k °
——2sinhk,(a+2b) —*cosk,(a+2b) {CJ ——Lsink,(a+2b) —cosk,(a+2b) {Cj
m m m m

C+
Solving for| * |,

4

Cc* k—zcos k,(a+2b) —sink,(a+2b) cosk,(a+2b) sink, (a + 2b) C*
4 = ﬂ m 5

_ kl : kl _
G K2 sinh, (a+2b)  cosk,(a+2b) ||y @ +2b) —-coski(a+2b) || C
m

“//
C o
=Y,
et
Substituting the above in Eq.14,

0 A e e Ea19
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Multiple Quantum Wells — Boundary Conditions (V-VI interface) (E>V,)

Using the boundary conditions @ x = 2(a + b) for regions V and VI: < < < >

BCl:¥Y,(x=2(a+b))=Y,(x=2(a+b))
-, C; cosk,(2a+2b)+ C; sink,(2a+2b) = C, cosk,(2a+2b)+ C; sink, (2a+2b) 0

+b a+2b D(A+b) 2a+3b

BC2: j.,

x=2(at+b) — Jox

x=2(a+b)
* o st k . k
Jsx - .(\Ps VY, - VY )=——1C5+ sink,x +— C; cosk,x
2mi m m
x o = o . k
Jox = ,(Té V¥, =¥, VY, )=——2C6+ sink,x +—= C; coshk,x
2mi m m

.'.,—ﬁ C; sink,(2a+2b)+ k C; cosk,(2a+2b) = b C, sink,(2a+2b)+ k C, cosk,(2a+2b)
m m m m

Again, these equations can be expressed in matrix form,

cosk,(2a +2bD) sink,(2a + 2b) C* cosk,(2a+2b) sink,(2a + 2b) c*
k k = k k 6
——Lsink,(2a+2b) —‘cosk,(2a+2b) {Cj ——2sink,(2a+2b) —2cosk,(2a+2b) {CJ

m m m m
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Multiple Quantum Wells — Boundary Conditions (V-VI interface) (E>V,)

(CONTD.)

cosk,(2a +2b) sink,(2a + 2b) C* cosk,(2a+2D) sink, (2a + 2b) Cc*
k k =] k k 6
——Lsink,(2a+2b) —cosk,(2a+2b) {CS } ——2sink,(2a+2b) —2cosk,(2a+2b) {Ca }
m m m m

C+
Solving for| ° |,

5

C* ﬁcos k,(2a+2b) —sink,(2a+2b) cosk,(2a+2b) sink,(2a + 2b) c*
5 mi m 6
{C5 } ky { }

_ k, . , i
Kigink 2a+2b)  cosk,(2a+2b) ||y SmK2(at2b) —-cosky(2a+2b) || C,
m

Wl

Substituting the abovein Eq.15,

P L0 L L ]F } 0 W W T 0 ]{CJ } a6

Cs Co
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Multiple Quantum Wells — Boundary Conditions (VI-VII interface)

(E>V,)
Lastly, using the boundary conditions @ x = 2a + 3b for regions VI and VII: . o > >
“— € “— « <« >
Vo
BCl1:¥,(x =2a+3b)="Y,(x =2a+3b)
., Clcosk,(2a+3b)+C, sink,(2a+3b) = Te™” . A
BC2: j. x=(2a+3b) — J7x x=(2a+3b)
f — — * k . k
Jou = i(‘ﬂ VY, - ¥, VY, ): ——2C/sink,x+—=C, cosk,x
2mi m m
. h — = * . ik x
Jow = —— (¥ VW, W, VP )= ik, Te™
2mi

ky .. . ky, .- : ikib
S —C¢ sink,(2a+3b)+—C, cosk,(2a +3b) =ik Te™

m m
Again, these equations can be represented in matrix form,

/(;OSh k,(2a +3b) ksinh k,(2a +3D) ¢l Te®t  ol[T

——>sinh k,(2a +3b) —*coshk,(2a+3b) || C; | |ik,Te™ 010
" " (CONTD.....))
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Multiple Quantum Wells — Boundary Conditions (VI-VII interface)

(E>Vy)
(CONTD.)
coshk,(2a +3b) sink,(2a +3b) c* Te®  ol[T
6 | _
— k—zsin k,(2a +3b) k—zcos k,(2a +3b) {CJ a Llee”“b 0} {0}
m m
C+
Solving for| ° |,
¢ {C}

k .
K i o
l

- e ik
Col *o|Kagng 2a43b)  cosk,2a+3p) |Lie™ 0JL0
m

o

i

Subsituting the above in Eq.16,

:;:| - [Y[—Il ][Y117111 ][meu/ ][YlVfV ][vaw ]|:g6+} = [lefll ][Yufu/ ][YIIFIV ][YIVfV ][YV—V[ ][YVI—VH ]|:i)} (Eq.17)

6

Multiplying the transfer matrices is again very complex as will be seen from the next slide.

(CONTD.......)
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Multiple Quantum Wells —Final Matrix (E>V )

The complexity in multiplying these transfer matrices can be seen from the final matrix below:

1/3/2006

1

R:| = [Y[—][ ][YH—HI ][YHI—[V ][Y]V—V ][YV—V[ ][YVI—VII ]|:gj| (Eq17)

RO | — b | —
IR
I

1
(e} —

3 |[Fo
| I |
u—t’.<
1
e
=

m k
——Lsink,b L1 cosk,b Yim
m m

m %cos k(a+b) —sink (a+b) ;os k,(a+Db) ksin k,(a+Db) v
T ——si 2 -1V
k ﬁsinhk](aer) cosk, (a+b) msmkz(a+b) mcoskz(a+b)
m

m k—zcoskzb —sink,b || coskb sink,b
2

k—zsin kb cosk,b
m

m k—zcos ky(a+2b) —sink,(a+2b)|[ cosk (a+2b) sink,(a +2b)
x—| M k. k,
ko | Ko ginn b, (av2b)  cosk,(a+2b) || SFa(a+2D) - hooski(a+2b) Y,y
m
k cosk,(2a+2b) —sink,(2a+2b)|[ cosk,(2a+2b) sink,(2a + 2b)
m 1 1
x—| k, . k,
k| K sink (2a+2b)  cosk,(2a+2b) _— ;sm k,(2a +2b) ;cos k,(2a +2b) YV-VI
m J

m %cos k,(2a+3b) —sink,(2a+3b) { o 0} v {T}
kb i
ky | b sink,(2a+3b) cosk,(2a+3b) ik,e 0 VI-VIL | 0
m .

ECE-6451
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Multiple Quantum Wells — Reflection and Transmission Probabilities
(E>V))

(CONTD.)
1

rl- [Y1_11 ][YH—[H ][YIII—IV ][YIV—V ][YV—VI ][YVI—VH ] g (Eq.17)

Equation 17 can now be used to calculate the transmission and reflection coefficients. Again, we would need a
powerful math tool in order to multiply the complicated transfer matrices. After the transfer matrices are multiplied,
we would obtain a 2x2 matrix as shown below:

Alle ol ] @

The Transmission Co-efficient, “T”, can then be found by using:

I:AT:>T:i
A

The Reflection Co-efficient, “R”, would then be given by:

R:CT:g
A

Therefore, the Transmission Probability and Reflection Probability is given by:

(] mer o mefg)S
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Multiple Quantum Wells —
Example 1

Consider a GaAs/AlGaAs multiple quantum well structure with a =50 A° and b= 50
A°:

V=0.347eV

0 50 100 150 200 250 (A°)
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Multiple Quantum Wells —

Example 1

Important Observations from the Transmissivity

plot:

1/3/2006

There are three peak values:

The peak value of 0.08 eV is the lowest

value for which an electron can

transmit through the entire structure.
The other peak (transmission) values
are all above the potential (0.347¢V)

Transmission is strongly dependent on
incident energy — higher the incident
energy, higher the chances of
transmission.

The peak values also corresponds to
the eigenvalues of the quantum well.
Therefore, its possible to obtain

eigenvalues from a transmissivity plot.
ECE-6451

TF—ElI"IEI'I"II:‘-T.ﬂ'-’II.""
z =

=

1 1 !
g uen ] 013 F] 1 e}

Energy (aV)

Brennan Fig. 2.5.2
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Multiple Quantum Wells —
Example 2

Now, consideg a GaAs/AlGaAs multiple quantum well structure with a smaller barrier
width of 25 A :

V=0.347eV

0 25 75 100 150 175 (A°)
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Multiple Quantum Wells —
Example 1 versus Example 2

For example 1, For example 2,

Transmissivity

Transmisgivity

0%

(LR} 0z :I.'.'. I.ll.'
Energy (8V) Enargy {eV)

Brennan Fig. 2.5.2 Brennan Fig. 2.5.7

For the transmissivity plot of example 2, there are two peaks at low energy when
compared to one peak for the previous example. This 1s due to the fact

that a smaller barrier width was used. Therefore, transmissivity increases with
smaller barrier widths.

1/3/2006 ECE-6451
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Multiple Quantum Wells —
Additional Comments

e Coupled Quantum Well (Super Lattices)

— Multiple quantum wells with a non-zero transmission co-efficient
throughout the structure

— More to be discussed in ECE-6453
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